Introduction
The anthropogenic factor of human activity leads to pollution of the biosphere, in particular of fertile lands, with radioactive substances. After the Chornobyl catastrophe, contamination by radionuclides is still observed in the soils of affected areas. Specific natural conditions in the north of the Rivne region contribute to the increasing migration of radionuclides from the soil into plants and by the trophic chains further into the human body. However, modern mechanization accessories can accelerate the purification process of contaminated areas through the use of state-of-the-art melioration technologies, in particular filtering filters, non-traditional organic fertilizers with sorbent microparticles [1] , etc.
Scientists consider the motion of colloids in mesoporous and microporous media, where the diameter of pores ranges from 2 to 50 nm and less than 2 nm, respectively. Colloids (nanoparticles) in soil are soil-forming mineral fragments, mineral precipitates, microorganisms, artificial elements, etc. Their dimensions range from 1 to 1000 nm [2] . The transport properties of colloids in combination with vertical migration of radionuclides leads to a sharp change in the migration behavior. And it is important to investigate intraparticle mass transfer processes for a better understanding of more complex processes.
Mathematical modeling with the use of adsorbent colloids in the processes of soil purification is a new one. Therefore, in this paper we will consider the mathematical model of only intraparticle mass transfer of radionuclides (contaminant) in the catalytic porous medium, which can be used in more complex statements of underground modeling processes problems [3] [4] [5] .
The purpose of this work is to find the analytical and numerical solutions of the boundary value problem describing the intraparticle mass transfer of substances in the catalytic porous medium, comparing the results obtained and verifying the created software. 
Formulation of the problem
Let us consider the catalytic porous medium in the domain Ω = {0 < x < l; 0 < r < R} (see Fig. 1 ) with adsorption process of pollutants (radionuclides).
filter-trap It is necessary to investigate the distribution of concentration q(x, r, t) in the domain Ω in time. It will allow us to predict the possibility of using the special micro-and nanoporous particles for soil purification.
Mathematical model
The mathematical model of the formulated above problem in the one-dimensional case can be described by the following boundary problem [3, 6, 7] :
q(x, R, t) = 0, X ∈ Ω, t > 0.
where X = {x} is the point in the domain Ω, r is the particle radius, t is the time; q(x, r, t) is the radionuclides concentration in particles with R radius; D 0 is the diffusion coefficient of radionuclides in particles with radius R located in soil skeleton. Eq. (1) describes intraparticle radionuclides migration with concentration q(x, r, t); (2) initial concentration q at the start time point; (3) the initial concentration q on the particle boundary when r = R.
In the case when D 0 (q) = D 0 = const, Eq. (1) takes the following form
Thus, we can obtain:
Analytical solution
The solution (4) with appropriate boundary conditions (2) and (3) we can find in analytical way [8] :
where β n = 2 R R 0 rQ 0 (r) sin nπr R dr. Let us find the analytical solution of Eq. (4) with the boundary condition (2) for the case where the boundary condition (3) is not homogeneous and takes the following form
To reduce the nonhomogeneous boundary condition to homogeneous boundary condition, let us use the following substitution q(x, r, t) = u(x, r, t) +Q 1 ,
where u(x, r, t) is the unknown function.
And hence u(x, R, t) = 0,
Thus, we have the following boundary value problem for the function u(x, r, t):
u(x, R, t) = 0, X ∈ Ω, t > 0.
And the solution of (8)- (10) is the following:
where
Returning to the replacement (7), we obtain the analytical solution (4) with the appropriate boundary conditions (2) and (6) in the form of the following function:
Numerical solution of the boundary value problem
For the numerical solving the boundary value problem (1)- (3), we use the finite-difference method with the monotone difference scheme [9] . Let us cover the area Ω with a uniform grid ω h 1 h 2 τ with the steps h 1 , h 2 and τ along the axes Ox, Or respectively, and the time Ot for the variables x, r, t
where n 1 , n 2 , n 3 are the numbers of steps for spatial variables and time respectively.
Finite-difference analog of the differential equation (4) has the following form:
For the initial condition (2) we obtain the following finite-difference analog:
For the homogeneous first-type boundary condition (3) we have
but for the nonhomogeneous first-type boundary condition (6)
This system (13) can be solved using the sweep method in the form of recurrence relations
It can be shown that the stability conditions for the finite-difference scheme |c 1 j | > |a 1 j | + |b 1 j | are satisfied. The concentration value q(x, r, t) at the time level (k + 1) we can find by the sweep method
where For the discretization equation (1) let us use the implicit difference scheme
The concentration value q(x, r, t) we find by solving the finite-difference equation (18) with the appropriate boundary conditions. To do this, let us reduce this equation to the sweep method form
where a
It can be shown that the stability conditions for the finite-difference scheme |c 2 j | > |a 2 j | + |b 2 j | are satisfied. The concentration value q(x, r, t) at the time level (k + 1) is sequentially calculated using the ratio q
For the discretization equation (1) with monotone finite difference scheme let us do the following math transformation. From Eq. (1) it follows that
∂r .
Then
And hence ∂q ∂t
∂r . The finite-difference analog of the differential equation (20) has the form
With the sweep method, Eq. (21) can be rewritten in the form
in this equation
It can be shown that the stability conditions for the finite-difference scheme |c 3 j | > |a 3 j | + |b 3 j | are satisfied. The concentration value q(x, r, t) at the time level (k + 1) we consistently calculate using the ratio q
Software implementation
The program implementation of the above-mentioned analytical and numerical solutions of the problem of adsorption mass transfer in the catalytic porous medium is presented in the form of new mathematical models of "NanoSurface" program complex (see Fig. 2 ). This cross-platform product is written in the C/C++ programming language with the use of the Qt framework and designed for computer simulation of the problems of mass transfer of saline solutions in catalytic and dispersed media of micro-and nanoporous structure particles using parallel computations [10] .
Experiments and their analysis
The results of computer modeling of intraparticular mass transfer of radionuclides in the catalytic porous medium are obtained using both the analytic solutions of the problem (1)-(3) and using the numerical solution for the concentration values. Analytical methods of investigation of mass transfer equations have been developing for a long time, but despite this there is a limited number of tasks that can be solved analytically. The range of potential problems has considerably expanded with the development of computer technology and numerical methods that allow us to obtain a solution with a given accuracy. An analytical solution is usually found for a simplified version of the task (mathematical model), which allows one to understand the physical essence of the process, as well as helps to test the numerical algorithm and verify the program code.
Verification of the code includes the verification of compliance with the basic rules for the design of software systems: system architecture, programming languages, development methodology, version control systems, quality assurance management [11] . Most of these requirements refer to the standard software development issues [12] . Another part of the verification rules is related to the scientific calculations, where the main task is to verify the accuracy of mathematical model representation in the form of the code [13] . Mathematical models are systems of differential equations with corresponding boundary conditions, where the sweep method with ensured stability conditions is used to find a numerical solution [3, 14] . That is, the correctness of the computational algorithm is ensured by a clear statement of the boundary value problem and the choice of the method of computation. However, concerning this, we cannot be sure that the obtained results do not contain errors or the program logical "bugs".
Numerical experiments were carried out with the following geometric and adsorption parameters: Fig. 3 shows a comparative analysis of the results obtained by the analytical and the numerical methods under different initial and boundary conditions. As can be seen from the figure, the difference in the results does not exceed 0.5%. From this, we can conclude that the problem statement is correct and the software solution is successfully verified.
Conclusions
We have considered a mathematical model for intraparticle migration of radionuclides in catalytic porous media. It was obtained the numerical solution of the corresponding one-dimensional boundary value problem by the method of finite differences as well as the analytical solution. We used implicit and monotone difference schemas for diffusion-convection problems. At the same time we proved numerical stability. Using created "NanoSurface" software a series of numerical experiments and their analysis were conducted. Comparison of the the results obtained by analytical and numerical methods allows us to successfully verify created software.
